
CS103 Handout 16
Fall 2011 November 4, 2011

Extra Practice Problems

Many of you have expressed interest in additional practice problems to review the material from 
the first four weeks of CS103.  This handout contains completely optional practice problems that 
explore proof techniques.  Feel free to email us or stop by office hours if you have any questions,  
want to check your answers, or are curious to learn more about some of these problems.

Problem One: Order Relations

i. What three properties does a binary relation have to have to be a partial order?
 

ii. Consider the power set P(A) of any set A.  Prove that  is a partial order over ⊆ P(A).
 

iii. Let | be the divisibility relation.  We write x | y if x divides y; that is, there exists some 
integer k   such that y = xk.  Prove that | is a partial order over ∈ ℤ ℕ, but that it is not a 
partial order over .ℤ

Problem Two: Rational and Irrational Numbers

Recall that a real number r is called rational if there exists integers p, q   such that p / q = r,∈ℤ
q ≠ 0, and p and q have no common divisors other than 1 and -1.

Consider the quadratic equation ax2 + bx + c = 0, where a, b, and c are all odd.  Prove that this 
quadratic equation has no rational solutions. (Hint: If there is a rational solution p / q, then p is  
either even or odd and q is either even or odd.  What would happen in each case?)

 
Problem Three: Fibonacci Numbers

The Fibonacci sequence is a famous sequence of numbers defined recursively as follows:

• F0 = 0
• F1 = 1
• Fn + 2 = Fn + Fn + 1

The first few terms of the series are 0, 1, 1, 2, 3, 5, 8, 13, …

i. Prove that 
∑
i=0

n

F i=Fn+2−1

ii. The Leonardo numbers are a sequence of numbers defined as follows:
L0 = 1
L1 = 1
Ln + 2 = 1 + Ln + Ln + 1 

Prove that Ln = 2Fn + 1 – 1.



Problem Four: Fibonacci Induction

In an inductive proof, the inductive step typically works by assuming P(n) and using this to show 
P(n + 1).  When dealing with Fibonacci numbers, though, this may be undesirable.  In particular, 
since Fibonacci numbers are defined such that knowing Fn and Fn + 1 provides a value for Fn + 2, it 
seems more appropriate to assume P(n) and P(n + 1) and then use that knowledge to show that  
P(n + 2) holds.

Suppose you have a property P(n) such that:

P(0),
P(1), and

n  . (P(n)  P(n + 1) → P(n + 2))∀ ∈ℕ ∧

Prove, by induction, that n  . P(n).  ∀ ∈ ℕ (Hint: Construct a property  Q(n) such that you can 
prove n  . Q(n)∀ ∈ℕ  by induction and such that if Q(n) is true for some natural number n, P(n) is  
also true for that natural number n.)

Problem Five: Affine Induction

Another  generalization  of  induction  called  affine  induction can  be  used  to  show that  some 
property P(x) holds for any integer of the form an + b, where a, b   and n  .∈ℤ ∈ℕ

Suppose you have a property P(n) such that:

P(b)
n  . (P(an + b) → P(a(n + 1) + b))∀ ∈ℕ

Prove, by the principle of mathematical induction, that n  . P(an + b).  ∀ ∈ ℕ (Hint: Construct a  
property Q(n) such that you can prove n  . Q(n)∀ ∈ ℕ  by induction and such that if Q(n) is true  
for some natural number n,  P(n) is also true for that integer of the form an + b for natural  
number n)

Problem Six: String Reversal

The reverse of a string w is the string wR whose characters appear in the reverse order from the 
original.  If the characters of w, in order, are w1, w2, …, wn, then wR = wn wn – 1 … w1.

Consider the function REV : Σ* → Σ* defined as follows:

REV (w)={ ϵ if w=ϵ

a REV ( x) if w=xa for some x∈Σ
∗

Prove that REV(w) = wR for any w  Σ*.  ∈ (Hint: Proceed by induction on the length of the string)



Problem Seven: Fun with Sums

Using induction, we saw how to prove that  
∑
i=1

n

i=
n(n+1)

2 .  This allows us to replace a sum 
with a much simpler formula.  In this problem, you will do the same for several other sums.

i. Find a simple formula for the sum of the first n odd natural numbers, then prove by 
induction that your formula is correct.  Your formula should not contain a summation 
(either as a Σ or as a sum containing an ellipsis).

ii. Find a simple formula for the sum of the first n even natural numbers, then prove by 
induction that your formula is correct.  Remember that 0 is the first even natural number.  
Your formula should not contain a summation (either as a Σ or as a sum containing an 
ellipsis).

iii. For either (i) or (ii), provide a justification for your answer without using induction.  You 
don't need to provide a formal proof here; simply explain the intuition behind the result 
through some other means.

Problem Eight: The Division Algorithm

As we mentioned in lecture, the division algorithm states that for any integers a and b with b ≠ 
0, there exist unique integers q and r such that a = qb + r and 0 ≤ r < b.

In this problem, you'll use the well-ordering principle to prove that there always is at least one 
choice of q and r satisfying the above criteria.  While you could do this by induction, instead 
you'll use the well-ordering principle.  Hopefully this will give you a feel for how this proof 
technique feels in practice.

i. Using the well-ordering principle, show that the set of natural numbers of the form a – 
kb, where a – kb ≥ 0, has a least element. (Hint: Remember that you need to show that  
this set is nonempty to show that it has a least element)

ii. Let q be the value of k for which a – kb attains its least value.  Prove that if we let
r = a – qb, then 0 ≤ r < b.



Problem Nine: Order Homomorphisms

Suppose that (A, <A) and (B, <B) are strictly-ordered sets.  Recall that an order homomorphism is 
a function h : A → B such that

a∀ 1, a2. (a1 <A a2 → h(a1) < h(a2))

Two ordered sets (A, <A) and (B, <B) are homomorphic if there is a homomorphism from A to B.

i. Suppose that (A, <A) is  a strictly,  totally-ordered set.   If  (A, <A)  is homomorphic to 
(B, <B), does this guarantee that B is strictly, totally-ordered as well?  If so, prove it.  If  
not, find a counterexample.
 

Suppose we relax our definition so that (A, ≤A) and (B, ≤B) are posets (that is, ≤A and ≤B are 
partial orders over A and B, respectively).  We can define a homomorphism from A to B now as a 
function

a∀ 1, a2. (a1 ≤A a2 → h(a1) ≤B h(a2))

ii. Prove that under this new definition, if A and B are any nonempty, totally-ordered sets, 
that A is homomorphic to B.

Problem Ten: Proofs about Logic

Recall that formulas in propositional logic are defined inductively as follows:

•   S⊤∈
•   S⊥∈
• For any variable p, p  S∈
• If φ  S, then ¬φ  S and (φ)  S.∈ ∈ ∈
• If φ  S and ψ  S, then φ  ψ, φ  ψ, φ → ψ, and ∈ ∈ ∧ ∨ φ ↔ ψ are all in S.

This problem will ask you to use structural induction to prove properties of propositional logic.

i. Using structural induction, prove that if φ is a propositional logic formula that does not 
contain ¬, then φ contains an odd number of symbols.
 

ii. Prove that if φ is an arbitrary propositional logic formula, then φ contains an odd number 
of symbols if and only if it contains an even number of ¬'s. (Hint: Prove by induction  
that the length of a propositional logic formula can be written as 2n + 1 + k, where n is a  
natural number and k is the total number of ¬'s in the formula)
 

iii. Prove, using a truth table, that p → q ≡ ¬p  q.∨
 

iv. Using your result from (iii), prove that if φ is a formula in propositional logic, then there 
is a propositional logic formula φ' such that φ ≡ φ' and φ' does not contain any copies of 
the → symbol.



Problem Eleven: Pigeonhole Fruit!

i. Suppose that you are given a perfectly spherical grapefruit with five stickers on it.  Prove 
that no matter where the stickers are, there is some way to cut the grapefruit perfectly in 
half such that some half has pieces of at least four of the stickers on it.
 

ii. Using  the  generalized  pigeonhole  principle,  show that  if  you  have  a  grapefruit  with 
2n + 3 stickers on it, there is some way to cut the grapefruit perfectly in half such that 
some half has pieces of at least n + 3 of the stickers on it.

Problem Twelve: Fun with Power Sets

i. Prove that if P(A) = P(B), then A = B. 
 

ii. Prove that for any A with |A| ≥ 2, |P(A)| ≥ |A × A| by finding an appropriate injective or 
surjective function between these two sets.  Note that |A| may be infinite.

iii. Prove that if A is finite, then |P(A)| = 2|A|.

Problem Thirteen: Binary Search

The binary search algorithm is a famous algorithm for efficiently finding an element in a sorted 
array.  Given as input a sorted array of values and some particular value, binary search works by 
looking at the middle element of the array.  If the array element there is equal to the value to be 
searched for, the algorithm terminates.  If the element there is larger than the element to search 
for, binary search discards the second half of the array and then repeats this process on the new 
array.  Otherwise, the element in the middle is less than the element to search for, so binary 
search discards the first half of the array and repeats this process on the new array.

Below is some Java code for binary search:

    public static boolean binarySearch(int[] arr, int key) { 
        int left = 0; 
        int right = arr.length; 

        while (left < right) { 
            int mid = (left + right) / 2; 
            if (arr[mid] == key) 
                return true; 
            else if (arr[mid] < key) 
                left = mid + 1; 
            else 
                right = mid; 
        } 
        return false; 
    }



In this problem, you will prove that this code is correct (ignoring issues of integer overflow) by 
using  the  technique  of  loop  invariants.   In  particular,  you  will  use  the  following  two  loop 
invariants to prove that the function works correctly:

• left ≤ right
• If key exists in arr at some index i, then left ≤ i < right.

You may assume that  ints never overflow their values and that  arr is sorted in ascending 
order.

i. Prove that if these two loop invariants are always true, then binarySearch correctly 
returns whether key is contained in arr.
 

ii. Prove, by induction, that these two loop invariants are true no matter how many times the 
loop executes. (Hint: You may want your induction hypothesis to take the form P(k) = “If  
the loop executes at least k times, then after the completion of the kth iteration, the two  
properties hold.”)

Problem Fourteen: k-Edge-Connectivity

Recall from lecture that a tree is an undirected, connected graph with no cycles.  We say that a 
tree is  minimally connected,  meaning that it's connected but that removing any edge would 
disconnect the graph.  This can be generalized to k-edge-connectivity.  We say that a graph is
k-edge-connected if you can remove any set of k edges from the graph without disconnecting it. 
Under this terminology, for example, a tree would be a 0-edge-connected graph.

Intuitively, you can think of k-edge-connectivity as a measure of the relative robustness of some 
sort of network.  Imagine, for example, that you have the entire US highway network represented 
as  a  series  of  edges  representing  highways  and nodes  representing  junctions.   Suppose,  for 
example, that the US highway system is 12-edge-connected.*  This would mean that if there are 
fewer than 12 serious accidents at any one time, there is always some unblocked path you could 
take from any US city to any other US city.

i. Prove that for any natural number n > 1, there is a 1-edge-connected graph with n nodes 
and n edges.
 

ii. Prove that for any natural number n > 1, no graph with n nodes is (n – 1)-edge connected. 
In other words, if someone wanted to “attack” your graph by cutting edges, they would 
never need to cut more than n – 2 edges to ensure that they had disconnected the graph.

* This is a hypothetical value; I actually don't know for what value of k the US highway system is k-edge-
connected.  If you can track down this value or compute it explicitly, I would love to see what you come up with!



Problem Fifteen: Graph Radius and Diameter

Given an undirected, connected graph G = (V, E), the distance between two nodes is the length 
of the shortest path between them (measured in numbers of nodes).  We denote the distance 
between u and v as d(u, v).  For example, in this graph:

A

B

E F

C D

we have that d(A, B) = 1, d(E, D) = 3, and d(C, C) = 0.

The eccentricity of a vertex in the graph (denoted e(v)) is the maximum distance that any node 
in the graph is from v.  For example, in the above graph, we have that e(B) = 2, since every node 
is at distance at most two from B (with nodes D and F being as far away as possible), while 
e(C) = 3 (because d(C, F) = 3, and this is the node at the furthest distance from C).

The radius of a graph (denoted rad(G)) is the smallest eccentricity of any of its vertices.  The 
diameter of a graph (denoted diam(G)) is the largest eccentricity of any of its vertices.  In the 
above graph, the radius of the graph is 2, since node B is at distance at most 2 from each other 
node in the graph, and there is no node that is closer to all others.  The diameter of the graph is 4,  
since d(F, D) = 4 and this is the largest distance between any two nodes.

Prove that diam(G) ≤ 2 rad(G).  As a hint, think about what would happen if this were not the 
case and consider the nodes u and v in the graph such that e(u) = diam(G) and e(v) = rad(G).

Problem Sixteen: Strongly Connected Components Revisited

Given a directed graph G = (V, E), define the relation u → v to mean “v is reachable from u.”  A 
strongly connected component (SCC) in a directed graph is a nonempty set of nodes U in the 
graph with the following properties:

• For any u ∈ U and v ∈ U, u → v and v → u.
• For any u  U and v  V – U, either u  v or v  u.∈ ∈ ↛ ↛

As you proved in the first problem set, every node in a graph belongs to exactly one strongly 
connected component.  Let SCC(G) be the set of strongly-connected components in G.  We can 
consider a new graph G' = (SCC(G), E') where the nodes of the new graph are the strongly-
connected components of G, and the edge set E' is defined as follows:

E' = { (U, V) | u  U. v  V. (U ≠ V  (u, v)  E) }∃ ∈ ∃ ∈ ∧ ∈



In other words, there is an edge from the SCC U to the SCC V if U and V are distinct connected 
components and there is an edge from some node in U to some node in V.  For example, given 
this graph (whose SCCs are outlined):

The new graph G' would be constructed as follows:

Prove  that  for  any  graph  G,  the  corresponding  graph  G'  is  a  DAG.  (Hint:  Proceed  by 
contradiction.  What would happen if there were a cycle in G'?)

Problem Seventeen: Strongly Connected Components Revisited, Again

Suppose that we modify the definition of strongly connected component as follows.  Given a 
directed graph G = (V, E), let us called a  strongly edged component is a collection of nodes 
with the following properties:

• For any u ∈ U and v ∈ U, (u, v)  E and (v, u)  E.∈ ∈
• For any u  U and v  V – U, either (u, v)  E or (v, u)  E.∈ ∈ ∉ ∉

That is, a strongly edged component is a set of nodes where every node is connected to each 
node in the strongly edged component, and for any other node in the graph, either that node is 
not connected by an edge to some node in the strongly edged component, or some node in the 
strongly edged component is not connected to that node.

Is it true that for any graph G = (V, E), that every node belongs to exactly one strongly edged 
component?  If so, prove it.  If not, give a counterexample.


