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Problem One: Finding Flaws in Proofs

The following proofs all contain errors that allow them to prove results that are patently false. 
For each proof, identify at least one flaw in the proof and explain what the problem is, then give a 
counterexample  that  demonstrates  why  the  error  occurs.   In  each  case,  make  sure  you 
understand what logical error is being made.  The mistakes made here are extremely common.

Theorem: For any sets A and B, |A  B| = |A| + |B|.∪
Proof: We show that any element counted on the left-hand side is counted exactly once by the 

right-hand side and vice versa.  This establishes that each element is counted the same 
number of times by both sides, so the two values are equal.

First, we show every element counted on the left-hand side is counted once by the right 
hand side.  Consider any element in x ∈ A ∪ B.  Since x ∈ A ∪ B, if x ∈ A, then it is 
counted when we count |A|, and if x ∈ B it is counted when we count |B|.

Next, we show every element counted on the right-hand side is counted once by the left-
hand side.  For each element x  ∈ A, it is counted once when we count the number of 
elements of A  ∪ B.  For each element  x  ∈ B, it  is counted once when we count the 
number of elements of A ∪ B.

Thus each element is counted the same number of times on each side of the = sign, so the 
equality holds.

Theorem: Any relation R over a set A that is reflexive is not irreflexive.
Proof: By contradiction; assume that R is irreflexive.  This means that for any a  ∈ A, aRa 

must be false.  But since R is reflexive, aRa is true.  We have reached a contradiction, so 
our initial assumption must be wrong, and so R must not be irreflexive.

Theorem: If C ⊆ A ∪ B, then C  A.⊆
Proof: By contrapositive.  We prove that if C is not a subset of A ∪ B, then it is not a subset 

of A.  Since C is not a subset of A ∪ B, there is some x  C such that x  ∈ ∉ A ∪ B.  Since 
x  A ∉ ∪ B, x  A and x  B.  Thus x ∉ ∉ ∈ C but x  A, and so C is not a subset of A.∉
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Problem Two: Properties of Sets

Below are three claims, some of which are always true, some of which are always false, and some 
of which are sometimes true and sometimes false, depending on what sets are chosen.  For each 
statement, if it is always true, prove it.  If it is always false, prove it.  If it is sometimes true and  
sometimes false, provide an example for which it is true and an example for which it is false.

To prove that two sets are equal, remember that you need to show that any element of the first set 
must also be an element of the second set and vice versa.  Recall that this is equivalent to showing 
that the two sets are each subsets of one another.  Also, it is not sufficient to use Venn diagrams 
or any other informal reasoning here.  You need to formally prove each result.

i. A  B and A  C, then A  B ∩ C⊊ ⊊ ⊊
ii. A ∩ Ø = Ø
iii. If A  Ø, then 137  A.⊊ ∈

Problem Three: Combining Relations

Suppose that (A,  ≤A) and (B,  ≤B) are ordered sets such that  ≤A is a total order and ≤B is a total 
order.  Consider the set A × B.  Define a relationship ≤A×B on A × B such that (a1, b1) ≤A×B (a2, b2) 
iff at least one of a1 ≤A a2 and b1 ≤B b2 is true.

i. Is ≤A×B reflexive?  If so, prove it.  If not, give a counterexample.
ii. Is ≤A×B antisymmetric?  If so, prove it.  If not, give a counterexample.
iii. Is ≤A×B transitive?  If so, prove it.  If not, give a counterexample.
iv. Is ≤A×B total?  If so, prove it.  If not, give a counterexample.
v. Based on your results from (i), (ii), (iii), and (iv), is ≤A×B a total order?

Problem Four: Odd and Even Numbers

Recall from lecture that an even number is a number that can be written as 2k for some integer k.  
An odd number is a number that can be written as 2k + 1 for some integer k.  Every number is 
either even or odd, but no number is both even and odd.  Two integers have the same parity if 
they are both even or both odd.  We want to prove the following:

For any integers x and y, x + y is even iff x and y have the same parity

To do this, we will prove that

For any integers x and y, if x and y have the same parity, x + y is even.
For any integers x and y, if x + y is even, x and y have the same parity.

i. Prove the first of these two claims with a direct proof.
ii. Prove  the  second  of  these  claims  by  contrapositive.   Be  sure  to  explicitly  state  the 

contrapositive before proving it.
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Problem Five: Quadratic Equations

A quadratic equation is an equation of the form ax2 + bx + c = 0.  A root of the equation is a real 
number x satisfying the equation.

Recall from lecture that a rational number is one that can be written as p/q for integers p and q 
where q ≠ 0 and p and q have no common divisor other than 1.

i. Prove that if n is odd, n2 is odd.
ii. Prove, by contradiction, that x2 + 3x + 1 has no rational roots.  Be sure to explicitly state 

what assumption you are attempting to contradict.  As a hint, if the rational solution is p/q,  
consider what happens if p and q are both odd and what happens if exactly one of p and q  
is odd.  (Why can't both p and q be even?)

Problem Six: Bipartite Graphs

A graph is said to be a  bipartite graph if its nodes can be colored white and black in a way 
where each edge has exactly one white endpoint and exactly one black endpoint.  For example, all 
of the following graphs are bipartite:

But this one is not, because all eight possible colorings result in some edge having endpoints of 
the same color:

Prove that if a graph is bipartite, it does not contain a cycle of odd length.


