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Announcements

● Problem Set 9 due Friday, December 9 at 
2:15PM.
● Stop by OH with questions!
● Email cs103@cs.stanford.edu with questions!

● Final exam review sessions:
● Saturday from 3:00PM – 5:00PM in Gates 104
● Sunday from 1:00PM – 3:00PM in Gates 104

mailto:cs103@cs.stanford.edu


  

Final Exam Logistics

● Final Exam next Monday, December 12 from 
12:15PM – 3:15PM in Hewlett 200
● Covers material up through and including Friday's lecture, though 

anything from Friday will not be tested in-depth.
● Heavily weighted toward computability and complexity theory; 

however, there may be a midterm-style question on the exam for 
completeness.

● Open-book, open-note, open-computer, closed-network.

● Alternate Exam Times:
● Sunday from 7:00PM – 10:00PM (location TBA)
● Tuesday from 12:15PM – 3:15PM (location TBA)
● Please let us know about alternate exam preferences by Friday's 

lecture so we can plan accordingly.



  

Extra Credit Practice Final

● There is an extra credit practice final exam!

● Make a good faith effort to answer the questions and submit 
before the exam for
20 extra credit points.
● We will not be grading your answers; we just want to see that you've 

put in the effort to study.

● This is purely a bonus.
● Extra credit points don't influence the baseline grading curve.

● We will not release solutions to the practice final; if you have 
questions, stop by office hours, the review session, or email us 
at cs103@cs.stanford.edu with questions.

mailto:cs103@cs.stanford.edu


  

Additional Practice Finals

● We will release three practice final exams from 
previous quarters over the next three days.
● (We'll also release solutions)

● They are not worth extra credit, but should be 
good practice.

● The structure of the actual final exam will be 
closer to the structure of the extra credit 
practice final.



  

Previously on CS103...



  

NP-Completeness

● A language L is called NP-hard if there is a polynomial-time reduction 
from any problem in NP to L.

● A language in L is called NP-complete if L  NP and L is NP-hard.∈
● The class NPC is the set of NP-complete problems.
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The Tantalizing Truth

● Theorem: If any NP-complete language is in P, then 
P = NP.

● Proof Sketch: If L  NPC, all languages in NP are ∈
polynomial-time reducible to it.  Since L  P, any ∈
language in NP is also in P.  Thus NP  P, so P = NP.⊆



  

The Tantalizing Truth

● Theorem: If any NP-complete language is in P, then 
P = NP.

● Proof Sketch: If L  NPC, all languages in NP are ∈
polynomial-time reducible to it.  Since L  P, any ∈
language in NP is also in P.  Thus NP  P, so P = NP.⊆

      NP
P

NPC
P



  

The Tantalizing Truth

● Theorem: If any NP-complete language is in P, then 
P = NP.

● Proof Sketch: If L  NPC, all languages in NP are ∈
polynomial-time reducible to it.  Since L  P, any ∈
language in NP is also in P.  Thus NP  P, so P = NP.⊆

      NP
P

NPC



  

The Tantalizing Truth

● Theorem: If any NP-complete language is in P, then 
P = NP.

● Proof Sketch: If L  NPC, all languages in NP are ∈
polynomial-time reducible to it.  Since L  P, any ∈
language in NP is also in P.  Thus NP  P, so P = NP.⊆

      NP
P

NPC



  

The Tantalizing Truth

● Theorem: If any NP-complete language is in P, then 
P = NP.

● Proof Sketch: If L  NPC, all languages in NP are ∈
polynomial-time reducible to it.  Since L  P, any ∈
language in NP is also in P.  Thus NP  P, so P = NP.⊆

    P = NP



  

3-CNF

● A propositional formula is in 3-CNF if
● It is in CNF, and
● Every clause has exactly three literals.

● For example:
● (x  y  z)  (¬x  ¬y  z)  (x  y  ¬z)∨ ∨ ∧ ∨ ∨ ∧ ∨ ∨
● (x  x  x)  (y  ¬y  ¬x)  (x  y  ¬y)∨ ∨ ∧ ∨ ∨ ∧ ∨ ∨
● But not (x  y  z  w)  (x  y)∨ ∨ ∨ ∧ ∨

● The language 3SAT is defined as follows:

3SAT = { φ | φ is a satisfiable 3-CNF formula }



  

The Cook-Levin Theorem

● The Cook-Levin Theorem states that

SAT = { φ | φ is satisfiable }

is NP-complete.
● A stronger version of this theorem is that

3SAT = { φ | φ is a satisfiable 3-CNF formula }

is also NP-complete.
● This is an extremely important result in 

complexity theory, as it gives a starting point for 
finding NP-complete problems.



  

NP-Completeness
● Theorem: If L' is NP-complete and L' is polynomial-time 

reducible to L  NP, then L is NP-complete.∈
● Proof Sketch: Any language in NP has a polynomial-time 

reduction to L'; let that reduction be f.  L' is polynomial-time 
reducible to L by a reduction f'. Then the composition of f' and f 
is a polynomial-time reduction from the original language to L.
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An independent set in an undirected graph
is a set of vertices that have no edges between them
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The Independent Set Problem

● Given an undirected graph G and a natural 
number n, the independent set problem is

Does G contain an independent set
of size at least n?

● As a formal language:

INDSET = { G, n  | G is an undirected graph ⟨ ⟩
with an independent set of size at least n }



  

INDSET  NP∈

● The independent set problem is in NP.
● Here is a polynomial-time verifier that checks 

whether S is an n-element independent set:
● V = “On input G, n, S :⟨ ⟩

– If |S| < n, reject.
– For each edge in G, if both endpoints are in S, reject.
– Otherwise, accept.”



  

From 3SAT to INDSET

( x ∨ y ∨ ¬z ) ( ¬x ∨ ¬y ∨ z )∧ ∧ ( ¬x ∨ y ∨ ¬z )
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If this graph has an independent set of size 
three, the original formula is satisfiable.
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From 3SAT to INDSET
● Let φ = C

1
  C∧

2
  …  C∧ ∧

n
 be a 3-CNF formula.

● Construct the graph G as follows:

● For each clause C
i
 = x

1
  x∨

2
  x∨

3
, where x

1
, x

2
, and x

3
 are 

literals, add three new nodes into G with edges connecting 
them.

● For each pair of nodes v
i
 and ¬v

i
, where v

i
 is some variable, 

add an edge connecting v
i
 and ¬v

i
.  (Note that there are 

multiple copies of these nodes)

● Claim One: This reduction can be computed in 
polynomial time.

● Claim: G has an independent set of size n iff φ is 
satisfiable.



  

A Polynomial-Time Reduction
Lemma: This reduction can be computed in polynomial 
time.

Proof: Suppose that the original 3-CNF formula φ has n 
clauses, each of which has three literals.  Then we 
construct 3n nodes in our graph.  Each clause 
contributes 3 edges, so there are O(n) edges added from 
clauses.  For each pair of nodes representing opposite 
literals, we introduce one edge.  Since there are O(n2) 
pairs of literals, this introduces at most O(n2) new edges.  
This gives a graph with O(n) nodes and O(n2) edges.  
Each node and edge can be constructed in polynomial 
time, so overall this reduction can be computed in 
polynomial time. ■
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One Direction of Implication
Lemma: If the graph G has an independent set of size n (where n is the 
number of clauses) in φ, then φ is satisfiable.

Proof: Suppose G has an independent set of size n, call if S.  No two 
nodes in S can correspond to v and ¬v for any variable v, because there 
is an edge between all nodes with this property.  Thus for each variable v, 
either there is a node in S with label v, or there is a node in S with label 
¬v, or no node in S has either label.  In the first case, set v to true; in the 
second case, set v to false; in the third case, choose a value for v 
arbitrarily.  We claim that this gives a satisfying assignment for φ.

To see this, we show that each clause C in φ is satisfied.  By 
construction, no two nodes in S can come from nodes added by C, 
because each has an edge to the other.  Since there are n nodes and n 
clauses, there must some node in S corresponding to some literal in 
each clause.  If that node has the form x, then C contains x, and since 
we set x to true, C is satisfied.  If that node has the form ¬x, then C 
contains ¬x, and since we set x to false, C is satisfied.  Thus all clauses 
in φ are satisfied, so φ is satisfied by this assignment. ■
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The Other Direction
Lemma: If φ is satisfiable and has n clauses, then G has an 
independent set of size n.

Proof: Suppose that φ is satisfiable and consider any satisfying 
assignment for it.  Thus under that assignment, for each clause C, 
there is some literal that evaluates to true.  For each clause C, 
choose some literal that evaluates to true and add the 
corresponding node in G to a set S.  Then S has size n, since it 
contains one node per clause.  We claim moreover that S is an 
independent set in G.  To see this, note that there are two types of 
edges in G: edges between nodes representing literals in the same 
clause, and edges between variables and their negations.  No two 
nodes joined by edges within a clause are in S, because we 
explicitly picked one node per clause.  Moreover, no two nodes 
jointed by edges between opposite literals are in S, because in a 
satisfying assignment both of the two could not be true.  Thus no 
nodes in S are joined by edges, so S is an independent set. ■
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Putting it All Together

Theorem: INDSET is NP-complete.
Proof: We know that INDSET  NP, because we constructed ∈
a polynomial-time verifier for it.  So all we need to show is that 
every problem in NP is polynomial-time reducible to INDSET.  
To do this, we use the polynomial-time reduction from 3SAT 
to INDSET that we just gave.  As we proved, φ  3SAT iff∈
⟨G, n   INDSET, and this reduction can be computed in ⟩ ∈
polynomial time.  Thus 3SAT is polynomial-time reducible to 
INDSET, so INDSET is NP-complete. ■
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The Clique Problem

● The clique problem is

Given an undirected graph G and a
number k, does G contain a k-clique?

● As a formal language:

CLIQUE = { G, k  | G is an undirected graph ⟨ ⟩
that contains a k-clique }

● We will show that CLIQUE is NP-complete.



  

CLIQUE  NP∈

● To show that CLIQUE is NP-complete, we first 
need to show that CLIQUE  NP.∈

● Here is a polynomial-time NTM for CLIQUE:
● M = “On input G, k :⟨ ⟩

● Nondeterministically guess k nodes.
● Deterministically check whether all k nodes have 

edges to one another.
● If so, accept; otherwise, reject.”



  

CLIQUE is NP-Complete

● To prove that CLIQUE is NP-complete, we need 
to show that any problem in NP is polynomial-
time reducible to it.

● Rather than reducing from 3SAT, we'll reduce 
INDSET to CLIQUE.

● Since INDSET is NP-complete, this proves that 
CLIQUE is NP-complete as well.



  



  



  

This graph is the complement graph of the 
left-hand graph.  It has the same nodes, but 
contains all edges missing from the original 
graph.  For simplicity, we omit self-loops.



  



  



  

Any clique in the original graph is an 
independent set in the complement 

graph!



  

CLIQUE is NP-Complete

● Proof sketch:
● Given as input G, k , construct G', k , where G' is ⟨ ⟩ ⟨ ⟩

the complement graph of G.
● There is a k-clique in G iff there is an independent 

set of size k in G'.
● Since we can construct the complement graph in 

polynomial time, this is a polynomial-time reduction 
from INDSET to CLIQUE.



  

A Genealogy of NP-Completeness

● The Cook-Levin theorem establishes that SAT 
(and 3SAT) are NP-complete.

● From SAT and 3SAT, we can prove that many 
other problems are NP-complete as well.

● We can visualize the chain of reductions to any 
problem as a tree.



  

A Genealogy of NP-Completeness
SAT

3SAT

CNF-SAT

INDSET

CLIQUE SETPACK

3COLOR

0/1 IP

EXCOVER



  

A Genealogy of NP-Completeness

● As of now, there are thousands of problems 
known to be NP-complete.

● For a fun list, check the Wikipedia article “List of 
NP-complete problems.”

● A polynomial-time solution to any of these 
problems proves that P = NP.

● Proving that any of these problems admits no 
polynomial-time solution proves that P ≠ NP.

● Yet no one has done either of these yet! 



  

A More Complex Reduction



  

The Shape of a Reduction

● Polynomial-time reductions work by solving one 
problem with a solver for a different problem.

● Most problems in NP have different pieces that 
must be solved simultaneously.

● For example, in 3SAT:
● Each clause must be made true,
● but no literal and its complement may be picked.



  

Reductions and Gadgets

● Many reductions used to show NP-
completeness work by using gadgets.

● Each piece of the original problem is translated 
into a “gadget” that handles some particular 
detail of the problem.

● These gadgets are then connected together to 
solve the overall problem.



  

Gadgets in INDSET

( x ∨ y ∨ ¬z ) ( ¬x ∨ ¬y ∨ z )∧ ∧ ( ¬x ∨ y ∨ ¬z )
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Gadgets in INDSET

( x ∨ y ∨ ¬z ) ( ¬x ∨ ¬y ∨ z )∧ ∧ ( ¬x ∨ y ∨ ¬z )

x

y

¬z ¬x

¬y

z ¬x

y

¬z

Each of these gadgets is designed
to solve one part of the problem:
ensuring each clause is satisfied.
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Gadgets in INDSET
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Gadgets in INDSET

( x ∨ y ∨ ¬z ) ( ¬x ∨ ¬y ∨ z )∧ ∧ ( ¬x ∨ y ∨ ¬z )

x

y

¬z ¬x

¬y

z ¬x

y

¬z

These connections ensure that the solutions
to each gadget are linked to one another.



  

Gadgets in INDSET

¬x

x

¬x

y

¬y



  

Gadgets in INDSET

¬x

x

¬x

y

¬y

This schematic shows 
(roughly) how the gadgets 

are assembled.  Many 
proofs or descriptions of 

reductions will use 
drawings like these.



  

A 3-coloring of a graph is a way of coloring its
nodes one of three colors such that no two connected

nodes have the same color.
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A 3-coloring of a graph is a way of coloring its
nodes one of three colors such that no two connected

nodes have the same color.



  

The 3-Coloring Problem

● The 3-coloring problem is

Given an undirected graph G,
is there a legal 3-coloring of its nodes?

● As a formal language:

3COLOR = { G  | G is an undirected graph ⟨ ⟩
with a legal 3-coloring. }

● This problem is known to be NP-complete by a 
reduction from 3SAT.



  

3COLOR  NP∈

● We can prove that 3COLOR  NP by designing ∈
a polynomial-time nondeterministic TM for 
3COLOR.

● M = “On input G :⟨ ⟩
● Nondeterministically guess an assignment of 

colors to the nodes.
● Deterministically check whether it is a 3-coloring.
● If so, accept; otherwise reject.”



  

Why Not Two Colors?
● Although 3COLOR and 3SAT both have 3 in their 

names, the two are very different problems.
● 3SAT deals with boolean variables, which can be either 

true or false.
● 3COLOR deals with nodes, which can have one of three 

colors.

● It would seem that 2COLOR (whether a graph has 
a 2-coloring) would be a better fit.

● Interestingly, 2COLOR is known to be in P and is 
conjectured not to be NP-complete.
● Though, if you can prove that it is, you've just won 

$1,000,000!



  

From 3SAT to 3COLOR

● In order to reduce 3SAT to 3COLOR, we need to 
somehow make a graph that is 3-colorable iff 
some 3-CNF formula φ is satisfiable.

● Idea: Use a collection of gadgets to solve the 
problem.
● Build a gadget to assign two of the colors the labels 

“true” and “false.”
● Build a gadget to force each variable to be either true or 

false.
● Build a series of gadgets to force those variable 

assignments to satisfy each clause.



  

Gadget One: Assigning Meanings

T F

O
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must all have 
different 
colors.
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We do not associate any special meaning with O.
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Gadget One: Assigning Meanings

T F

O
These nodes 
must all have 
different 
colors.

The color assigned to T will be interpreted as “true.”
The color assigned to F will be interpreted as “false.”

We do not associate any special meaning with O.



  

Gadget Two: Forcing a Choice
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Gadget Two: Forcing a Choice

( x ∨ y ∨ ¬z ) ( ¬x ∨ ¬y ∨ z )∧ ∧ ( ¬x ∨ y ∨ ¬z )

We need to ensure that no 
literal and its complement 
become true at the same 

time.



  

Gadget Two: Forcing a Choice
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Gadget Two: Forcing a Choice
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Gadget Two: Forcing a Choice

( x ∨ y ∨ ¬z ) ( ¬x ∨ ¬y ∨ z )∧ ∧ ( ¬x ∨ y ∨ ¬z )

x ¬x y ¬y z ¬z

These gadgets ensure that any 
variable and its negation don't 

both get assigned the “true” color.

T F

O
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Gadget Two: Forcing a Choice
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Gadget Two: Forcing a Choice

( x ∨ y ∨ ¬z ) ( ¬x ∨ ¬y ∨ z )∧ ∧ ( ¬x ∨ y ∨ ¬z )

x ¬x y ¬y z ¬z

T F

O

x is true ¬y is true ¬z is true



  

Gadget Two: Forcing a Choice

( x ∨ y ∨ ¬z ) ( ¬x ∨ ¬y ∨ z )∧ ∧ ( ¬x ∨ y ∨ ¬z )
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Gadget Two: Forcing a Choice

( x ∨ y ∨ ¬z ) ( ¬x ∨ ¬y ∨ z )∧ ∧ ( ¬x ∨ y ∨ ¬z )

x ¬x y ¬y z ¬z

T F

O

We need to ensure that none of 
these nodes get colored with the 

“other” color!



  

Gadget Two: Forcing a Choice
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Gadget Two: Forcing a Choice

( x ∨ y ∨ ¬z ) ( ¬x ∨ ¬y ∨ z )∧ ∧ ( ¬x ∨ y ∨ ¬z )

x ¬x y ¬y z ¬z

T F

O

The new edges force the 
literal nodes to be either 

true or false.



  

Gadget Three: Clause Satisfiability

( x ∨ y ∨ ¬z )



  

Gadget Three: Clause Satisfiability

( x ∨ y ∨ ¬z )

x y ¬zT F



  

Gadget Three: Clause Satisfiability

( x ∨ y ∨ ¬z )

x y ¬zT F

This node is 
colorable iff one 

of the inputs is the 
same color as T



  

Gadget Three: Clause Satisfiability

( x ∨ y ∨ ¬z )

x y ¬zT F



  

Gadget Three: Clause Satisfiability

( x ∨ y ∨ ¬z )

x y ¬zT F



  

Gadget Three: Clause Satisfiability

( x ∨ y ∨ ¬z )

x y ¬zT F



  

Gadget Three: Clause Satisfiability

( x ∨ y ∨ ¬z )

x y ¬zT F



  

Gadget Three: Clause Satisfiability

( x ∨ y ∨ ¬z )

x y ¬zT F

This node cannot 
be colored
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Gadget Three: Clause Satisfiability

( x ∨ y ∨ ¬z )

x y ¬zT F

Every other 
combination of inputs 
can give this a color



  

Putting It All Together

● Construct the first gadget so we have a consistent 
definition of true and false.

● For each variable v:
● Construct nodes v and ¬v.
● Add an edge between v and ¬v.
● Add an edge between v and O and between ¬v and 

O.

● For each clause C:
● Construct the earlier gadget from C by adding in the 

extra nodes and edges.



  

Putting It All Together

C
1

C
2

… C
n

T F

O

x
1

¬x
1 ... ... x

k
¬x

k



  

Analyzing the Reduction

● How large is the resulting graph?
● We have O(1) nodes to give meaning to “true” and 

“false.”
● Each variable gives O(1) nodes for its true and false 

values.
● Each clause gives O(1) nodes for its colorability 

gadget.
● Collectively, if there are n clauses, there are O(n) 

variables.
● Total size of the graph is O(n).



  

● To prove that the reduction is correct, we need 
to show that
● If the original formula is satisfiable, there is some 

3-coloring of the graph.
● If the original formula is unsatisfiable, there is no 

3-coloring of the graph.

● To do this, we reason about how the gadgets 
connect to one another.

Correctness: A Sketch



  

3SAT → 3COLOR

● Lemma: If the 3-CNF formula φ is satisfiable, the 
graph G has a 3-coloring.

● Proof Sketch: Color the nodes as follows:
● Assign the T, F, and O nodes each their own color.
● For each variable v in φ, color node v with the color for T 

if v is true and color the node ¬v with the color for T 
otherwise.

● Color the negation of v the opposite color.
● Because φ is satisfiable, each clause has at least one 

true literal in it.
● Thus each clause gadget can be legally 3-colored.



  

¬3SAT → ¬3COLOR
● Lemma: If the 3-CNF formula φ is unsatisfiable, the graph 

G has no 3-coloring.
● Proof Sketch:

● Since φ is unsatisfiable, any assignment must leave some 
clause unsatisfied.

● Thus any assignment must have some clause contain only 
false literals.

● In any legal coloring, T, F, and O must have different colors.
● In any legal coloring, nodes v and ¬v must either be colored T 

or F, and neither get the same color.
● For any coloring of the variable nodes, some clause gadget 

must have all three inputs colored the F color (because that 
clause is unsatisfied in φ)

● Thus (as we saw before) that clause gadget cannot be colored.



  

Summary: NP-Completeness Proofs

● To prove that L is NP-complete:
● Prove that L  NP.∈
● Find a polynomial-time reduction from some NP-

complete problem L' to L.
– Possibly use gadgets to build an instance of L from an 

instance of L'
● Prove that the reduction works in polynomial time.
● Prove that w  L iff f(∈ w)  L'.∈
● Conclude that L is NP-complete.



  

Beating NP-Completeness



  

Beating NP-Completeness

● NP-complete problems are extremely hard to 
solve.

● If you encounter an NP-complete problem in 
practice, you are unlikely to find an efficient 
solution.

● What other options are available?



  

Option One

Denial



  

Option One

(recognizing you're not really solving
an NP-complete problem)



  

A bipartite graph is a graph where the nodes belong to two 
groups A and B such that all edges have one endpoint in A and 

one endpoint in B
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3COLOR on Bipartite Graphs

● Every bipartite graph can be two-colored.
● Give one color to each node in group A and another 

color each node in group B.

● Thus every bipartite graph can easily be three-
colored.

● The 3COLOR problem is trivial for bipartite 
graphs.



  

CLIQUE on Bipartite Graphs

● The largest possible clique in a bipartite graph has size 
two.
● If there are three nodes, two must be in the same group 

(pigeonhole principle)!
● There can't be an edge between them.

● For bipartite graphs:
● There is a 0-clique always.
● There is a 1-clique as long as there is at least one node.
● There is a 2-clique as long as there is at least one edge.
● There are never any k-cliques for k ≥ 3.



  

INDSET on Bipartite Graphs

● Using a result known as König's theorem, the 
largest independent set in a bipartite graph can 
be found in polynomial time.
● Use a clever reduction to the maximum matching 

problem.

● Take CS261 for details.



  

3-CNF and 2-CNF
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3-CNF and 2-CNF

( x ∨ y ∨ ¬z ) ( ¬x ∨ ¬y ∨ z )∧ ∧ ( ¬x ∨ y ∨ ¬z )

( x ∨ y ) ( ¬x ∨ ¬y∧ ∧ ( ¬x ∨ y )) ∧ ( ¬y ∨ z )

3-CNF

2-CNF



  

3SAT and 2SAT

● The language

3SAT = { φ | φ is a satisfiable 3-CNF formula }
● The language

2SAT = { φ | φ is a satisfiable 2-CNF formula }
● While 3SAT is NP-complete, 2SAT is known to 

be in P and is conjectured to not be NP-
complete.
● Take CS161 for details.



  

What's Going On?

● NP-complete problems are difficult because, in 
their most general case, they can encode any 
NP problem.

● For specific subsets of NP-complete 
problems, there might be efficient solutions.



  

Why This Matters

● If you need to solve an NP-complete problem 
for arbitrary inputs, you might want to 
consider a different approach to your problem.

● If you need to solve an NP-complete problem 
for inputs of a specific structure, there may 
be a known efficient solution.



  

Option Two

Randomization



  

Randomized Algorithms

● A randomized algorithm is an algorithm that incorporates 
randomness.

● Many ways to do this:
● Monte Carlo algorithms might hand back the wrong answer (with 

some probability), but always run efficiently.
● Las Vegas algorithms always hand back the right answer, but 

might (with some probability) run for a long time.

● There are interesting complexity classes incorporating 
randomness (RP, ZPP, co-RP, BPP, PP), but many of their 
relations with NP are still unknown.
● Take CS254 for details.



  

A Randomized Approach to SAT

● Suppose that we have written the SAT formula φ in 
CNF (the multiway AND of clauses).
● This can be done in polynomial time.

● To satisfy φ, we need to satisfy all clauses 
simultaneously.

● Idea: Begin with a random guess and keep improving 
it.
● At each step, change the assignment to maximize the 

number of clauses satisfied.
● If after “enough steps” no progress is made, make another 

totally random guess.



  

GSAT

● For i = 1 to MAX_TRIES:
● Pick a random truth assignment T.
● For j = 1 to MAX_FLIPS:

– If T satisfies φ, return “satisfiable.”
– Flip any variable that has the largest net increase of 

satisfiable clauses.

● Return “unsatisfiable.”

Source: Selman, Kautz, and Cohen. “Local Search Strategies for Satisfiability Testing”



  

GSAT is Practical

● For most “real-world” SAT instances, the GSAT 
algorithm correctly determines satisfiability and 
does so efficiently.

● More advanced algorithms exist (WalkSAT), 
and there is a yearly competition for good SAT 
solvers.
● See http://www.satcompetition.org/ for details.

http://www.satcompetition.org/


  

Option Three

Approximation Algorithms



  

Approximation Algorithms

● Many problems in NP can be turned into 
optimization problems.
● 3SAT: Satisfy as many clauses as is possible.
● INDSET: Find the largest independent set.
● CLIQUE: Find the largest clique.
● 3COLOR: Find the minimum number of colors 

needed.

● In many cases, an approximation of the optimal 
answer may be sufficient.



  

Set Cover

● The set cover problem is an NP-complete 
problem phrased as follows:

Given a collection of sets S
1
, S

2
, …, S

n
 and a 

number k, are there k sets in the collection that 
contain all elements contained in any set?

● For example, given {1, 3, 4}, {2, 4}, {1, 5}, {2, 5} 
and k = 2, the two sets {1, 3, 4} and {2, 5} are a 
set cover.



  

Approximating Set Cover

● If we need to find a set cover that is close to 
optimal, we can use the following 
approximation algorithm:

Until all elements are covered, choose the
set from the list with the largest number of 

uncovered elements in it.
● This obtains an approximation to within about a 

factor of ln n, where n is the number of sets.



  

Why This Matters

● Some NP-complete problems admit very good 
approximations.

● Some NP-complete problems admit no good 
approximations unless P = NP.

● Take CS254 or CS261 for more details.



  

Summary of NP-Completeness

● NP-complete problems are, for some definition, 
the “hardest” problems in NP.

● By reducing an NP-complete problem to a new 
problem in NP, that new problem can be shown 
to be NP-complete.

● P = NP iff some NP-complete problem has a 
polynomial-time solution.

● While NP-complete problems are notoriously 
hard to solve, in many cases other techniques 
can be used to sidestep the complexity.



  

Next Time

● Beyond P and NP
● What other results exist from complexity theory?

● Looking Forward
● What lies beyond CS103?
● Where can you go from here?
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