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Problem One: Finding Flaws in Proofs

The following proofs contain errors that allow them to prove results that are patently false.  For 
each proof, identify at least one flaw in the proof and explain what the problem is, then give a 
counterexample  that  demonstrates  why  the  error  occurs.   In  each  case,  make  sure  you 
understand what logical error is being made.  The mistakes made here are extremely common.

Theorem: No directed graph contains a cycle.
Proof: By induction.  Let P(n) be “For any directed graph with n nodes, that graph does not 

contain any cycles.”  For the base case, we prove P(0), that a directed graph with 0 nodes 
does not contain any cycles.  This is trivial, since with no nodes there can be no cycles.  
For  the  inductive  step,  we assume P(n),  that  any directed  graph with  n nodes  has no 
cycles.  We try to show that P(n + 1) holds.  Consider any directed graph with n + 1 nodes. 
This is formed by taking a graph with n nodes, then adding in a new node (call it v) and 
some edges leaving that node. We prove by contradiction that the new graph does not 
contain any cycles by assuming that the graph does contain a cycle.  If the cycle does not 
go through the new node v, then the cycle is fully  contained in the graph of n nodes, 
contradicting the inductive hypothesis that such a graph cannot have any cycles.  Thus the 
cycle must go through node v.  But since node v does not have any edges entering it, this 
is impossible, since once the cycle leaves node v it can never reenter it.  We have reached  
a contradiction, so our assumption that the graph contains a cycle must have been wrong. 
Thus the new graph of n + 1 nodes does not contain a cycle, so P(n + 1) holds. ■

Theorem: Any nonempty set of integers has a least element.
Proof: By induction.  Let P(n) be “any set of integers of cardinality n has a least element.” 

We show that P(n) is true for all positive natural numbers.  As a base case, we prove that 
P(1) is true, meaning that any set of integers of cardinality 1 has a least element (we do 
not prove P(0), since we only want to prove this is true for nonempty sets).  In any set of 
just one element (call it x), it is vacuously true that x is smaller than all other elements of 
the set.  For the inductive step, assume that for some n ≥ 1, P(n) is true (that any nonempty 
set of n integers has a least element) and consider P(n + 1), that a nonempty set of n + 1  
integers has a least element.  To show that this is true, consider any set S of size n + 1.  
We can write this set as S = {x}  S' for some element x  S' and set S' of size n.  By the∪ ∉  
inductive hypothesis, S' has a least element, call it y.  There are two cases to consider.  
First, if x < y, then since y is no greater than any element of S, x is the least element of S.  
Otherwise, if y > x, y is the least element of S. (y cannot equal x, because y  S and∈  
x ∉ S).  Thus S, which has cardinality n + 1, has a least element, so P(n + 1) follows from 
P(n), completing the induction. ■
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Problem Two: Geometric Series

A geometric series is a series ar0, ar1, ar2, ar3, …, arn-1 where a and r are real numbers.  Prove, by 
induction on n, that for r ≠ 1,

∑
i=0

n−1
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1−r n

1−r

If r = 1, what is 
∑
i=0

n−1

ari

?

Problem Three: Picking Coins

Consider the following game for two players.  We begin with a pile of n coins for some n > 1.  
The first player then takes between one and ten coins out of the pile, then the second player takes  
between one and ten coins out of the pile.  This process repeats until some player has no coins to 
take; at this point, that player loses the game.  Prove that if the pile begins with a multiple of 
eleven coins in it, the second player can always win.

Problem Four: Prime Numbers

A natural number p is called  prime if it has no positive divisors except 1 and itself.  A natural 
number is called composite if it is the product of two natural numbers m and n, where both m and 
n are greater than one.

Prove, by strong induction, that every natural number greater than one can be written as a product 
of prime numbers.

Problem Five: Picking Coins, Part II

Consider the following game: You begin with a bag containing some number of pennies and some 
number of dimes.  You then reach into the bag and randomly choose two coins (yes, I know that 
you could probably distinguish between pennies and dimes, but let's suppose that you honestly 
pick randomly).  You then do the following:

• If you draw two pennies out of the bag, put one of the two pennies back in the bag.
• If you draw a penny and a dime from the bag, put the penny back, then add ten pennies in 

place of the dime.
• If you draw two dimes, put one dime back, then add ten pennies.

Prove that no matter how many pennies and dimes are originally in the bag, and no matter what  
coins you draw at each step, eventually the bag will get down to zero or one coin.
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Problem Six: Induction on Integers

In lecture, we discussed how to use induction to prove properties of natural numbers.  However, 
induction can also be used to prove properties of integers as well, so long as a suitably modified 
form of induction is used.

Let P(x) be a property that we wish to show is true of all integers and suppose that we can show 
the following:

• P(0).
• For any integer x, P(x) → P(x + 1)
• For any integer x, P(x) → P(x – 1)

Prove,  using the definition of the principle  of mathematical  induction,  that  P(x) holds for all  
integers x.  (Hint: Induction is defined to only work over the natural numbers.  Can you think of a  
property Q(n) that you could show is true for all natural numbers such that Q(n) being true for  
all natural numbers implies that P(x) is true for all integers?)


